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| Motivation il

¢ A natural generalization of left forbidding grammars,
infroduced in (1).

o Practical viewpoint: we examine only prefixes of sentential
forms.

o Theoretical viewpoint: what is the impact of this restriction
on the generative power of random context grammars?
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| Type 0 Grammars | i

A type 0 grammaris a quadruple
G: (N) T,P,S),

where
e Nis the alphabet of nonferminals,
o T isthe alphabet of terminals (NN T = (),
e Pis afinite set of rules of the form

X—=Y,

where x e (NUT)*N(NUT)* and y € (NUT)*,
e S e Nisthe starting nonterminal.
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| Type 0 Grammars (cont.) | i

Definition
The relation of a direct derivation, denoted by =, is defined as
follows: if
e u,ve (NUT)*,
e X—YyeP,
then

uxv = uyvin G.

Definition
The language of G, denoted by L(G), is defined as

L(G) = {we T |S=" w},

where =* is the reflexive and transitive closure of =.
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| Type 1 and Type 2 Grammars i

A type 0 grammar G = (N, T,P,S) is

e a type 1 grammar (context-sensitive) if every x — y € P
satisfies

x| <ly|

e a type 2 grammar (context-free) if every x — y e P satisfies
xeN
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| Random Context Grammars |

A random context grammar (see (5)) is a quadruple
G=(N,T,P,S),

where
e N, T,and S are defined as in a context-free grammarr,
e Pis afinite set of rules of the form

|A—=x,U,W|
where Ae N, x e (NUT)*, and U, W C N.

U ... permitting context
W ... forbidding context
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| Random Context Grammars (cont.) |

The relation of a direct derivation, denoted by =, is defined as
follows: if

o u,ve(NUT)*,

e A= Xx,U,W|eP,

e U C alph(uAv),

» Wnalph(uAv) =0,
then

UAV = uxv in G.

Definition
The language of G, denoted by L(G), is defined as

L(G)={weT"|S=" w},
where =* is the reflexive and transitive closure of =.
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| Random Context Grammars (cont.) i

If [A— x,U, W| € Pimplies x| > 1, then G is a propagating
random context grammar.

If |[A— x,U, W| € Pimplies W = ), then G is a permitting
grammar.

If |[A— x,U, W| € Pimplies U = 0, then G is a forbidding
grammair.
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| Left Random Context Grammars il

Definition

Let G = (N, T,P,S) be a random confext grammar. G is reffered
to as a left random context grammair if its relation of a direct
derivation (=) is defined as follows: if

e u,ve (NUT)*,
e |[A=Xx, U W|eP,

e UC alph(u), (not UAV )
o W nalph(u) =0, (not uAv 1)
then

UAV = uxv in G.

Left Random Context Grammars | 10/41



| Left Random Context Grammars (cont.) | i

If |[A— x,U, W| € Pimplies x| > 1, then G is a propagating left
random context grammar.

If |[A— x,U, W| € Pimplies W = 0, then G is a leff permitting
grammar.

If [A— x,U, W| € Pimplies U = 0, then G is a left forbidding
grammair.
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| Denotation of Language Families il

o ZcF ... The family of context-free languages
o Zcs ... the family of context-sensitive languages
o Y ...The family of recursively enumerable languages

o Zsc ... the family of propagating scattered context
languages
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| Denotation of Language Families (cont.) |

o L5 ...The family of languages generated by random
context grammars

o Z5 ...the family of languages generated by permifting
grammars

o Z¢ ... the family of languages generated by forbidding
grammars

o Zrc ...the family of languages generated by propagating
random context grammars

o %p ...The family of languages generated by propagating
permitting grammars

o % ...the family of languages generated by propagating
forbidding grammars
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| Denotation of Language Families (cont.) |

o L% .- The family of languages generated by leff random
context grammars

o Z% ... the family of languages generated by left permitting
grammars

o Z7% ...The family of languages generated by leff forbidding
grammars

o Yrc ...The family of languages generated by propagating
left random context grammars

o Zp ...the family of languages generated by propagating
left permitting grammars

o Zr...the family of languages generated by propagating
left forbidding grammars
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| Example |

Example
Consider K = {@"b™c™| 1 < m < n}. This non-context-free
language is generated by the left random context grammar G
defined as

G=({SABX,Y}{ab,c}P,S)

with P containing the following seven rules:

1S — AX,0,0], X — be, 0,0,
|A— a,0,0], |X — bYc,{B},0].
[A— aB.0.0], LY = X, {A},0).
[B— A0,0],

Notice that G s, in fact, a propagating left permitting grammar.
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| Example (K = {a"b™c™ |1 < m< n}) |

P: |S— AX,0,0], | X — bc,0,0],
|A— a,0,0], |X — bYc,{B},0].
|A— aB,0,0], 1Y = X, {A},0].
[B— A 0,0],

Observations:

e Every derivation starts with the application of |S — AX,(,0].
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| Example (K = {a"b™c™ |1 < m< n}) | w

P: |S— AX,0,0], | X — bc,0,0],
|A— a,0,0], |X — bYc,{B},0].
|A— aB,0,0], 1Y = X, {A},0].
[B— A 0,0],

Observations:

e Every derivation starts with the application of |S — AX,(,0].

o | X — bYc,{B},0] is applicable if B, produced by
|A — aB,0,0], occurs to the left of X in the current
sentential form.
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|B— A,0,0], occurs to the left of Y in the current sentential
form.
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| Example (K = {a"b"c™ |1 < m < n}) | w

P: |S— AX,0,0], X — bc,0,0],
|A— a,0,0], |X — bYc,{B},0].
|A—aB,0,0]. LY = X, {A},0].
|B— A0,0],

Observations:

e Every derivation starts with the application of |S — AX,(,0].

o | X — bYc,{B},0] is applicable if B, produced by
|A — aB,0,0], occurs to the left of X in the current
sentential form.

e Similarly, | Y — X, {A},0] is applicable if A, produced by
|B— A,0,0], occurs to the left of Y in the current sentential
form.

o After |[A — a,0,0] is applied, only one b and one ¢ can be
generated.
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| Example (K = {a"b™c™ |1 < m< n}) | w

P: |S— AX,0,0]. | X — bc,0,0],
|A—a,0,0]. |X — bYc, {B},0],
LA—)GB,@,@J, LY—>X,{A},®J-
|B— A,0,0],

Every derivation that generates w € L(G) is of the form

S = AX
=* agYAX
= qQut'BX
= q“*'BbYc
= a“'AbYc
=* qutTtvAbYc
= aq¥tvAbXc
=* ad"AbmXc™
=2  gntlpm+icm+l — .

Hence, L[(G) =K.
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| Notice il

As was demonstrated in my talk, the proofs of the last two
theorems in the following slide are not correct.
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| Results il

Next, we prove the following four inclusions (identities).

L5 == %cr

ZLer C Zp € ZLsc

ZLirc = Zcs

= —
zu?c = Zre
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| Towards £ = Zcr i

The following relations regarding £ and .Z;r were established
in (1),

Lemma

Lor C L

Proof (idea): Follows from the definition of a left forbidding
grammar. O
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| Towards £ = Zcr |

Lemmma
ZiF © Zer

Proof (idea): Let G = (N, T, P, S) be a left forbidding grammar.
Define the context free grammar

H=(N,T,P,S)
with P/ = {A = x| |A = x,0, W] € P}.
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| Towards £ = Zcr |

Lemma

L C Zer

Proof (idea): Let G = (N, T, P, S) be a left forbidding grammar.
Define the context free grammar

H=(N,T,P,S)

with P = {A — x| |A— x,0,W| € P}.
o [(G) C L(H) ... Any successful derivation of G is also a
successful derivation of H.

o [(H) CL(G)...Let w € L(H) be derived using a leftmost
derivation. Such a leffmost derivation is also possible in G
because the leftmost nonterminal can always be rewritten.,

Consequently, L(H) = L(G). O
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| L5 = Zer i

L= “or

Proof: Follows directly from the two previous lemmas. O
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| L5 = L = Zor i

As an immediate consequence of this theorem, we have that

erasing rules can be eliminated from any left forbidding
grammar.

Corollary

L = Zir = Zor
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| Towards Zcr C Zp C Lse i

Zcr C Zip

Proof:
o ZLcr C Zp

Left Random Context Grammars | 24 /41



| Towards Zcr C Zp C Lse i

Zcr C Zip

Proof:

o Ycr C Zp ... Follows from the definition of a left permitting
grammar.
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| Towards Zcr C Zp C Lse i

Zcr C Zip

Proof:

o Ycr C Zp ... Follows from the definition of a left permitting
grammar.

o Lor C Zp
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| Towards Zcr C Zp C Lse i

Zcr C Zip

Proof:

o Ycr C Zp ... Follows from the definition of a left permitting
grammar.

o Ycr C Zp ... Follows from the fact that the
non-context-free language {a"b™c™ |1 < m < n} can be
generated by the propagating left permitting grammar G
from the example. O
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| Scattered Context Grammars i

Definition
A propagating scattered context grammar (see (2)) is a
quadruple,

G = (N) T’ P’ S)’

where
e N, T,and S are defined as in a context-free grammar;

e Pis afinite set of rules of the form
(A],AQ,...,An) — (X],XQ,...,Xn),

where A; e Nand x; e (NUT) ™", for all .

Left Random Context Grammars | 25/41



| Scattered Context Grammars (cont.) |

The relation of a direct derivation, denoted by =, is defined as
follows: if

° (A],AQ,...,An) — (X],XQ,...,Xn) eP,
o U= U1A1WLAS - UpAnUnyr, and
e V=UX UXp ---UnXn Uni,

where u; € (NUT)*, for all i, then

u= vin G.

Definition
The language of G, denoted by L(G), is defined as

L(G)={weT"|S=*w},

where =* is the reflexive and transitive closure of =.
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| Towards Ler ¢ Zp C Yoo |

Theorem

Zip C Zsc

Proof (idea): Let G = (N, T, P, S) be a propagating left
permitting grammar. Define the propagating scattered context
grammar

H=(N,T,F’,S)
with P" constructed as follows:
® forevery |A— x,0,0] € P,add (A) — (x) to P";

@ forevery |A— x,{X1,Xo,..., Xn},0] € Pand every
permu’ro’rion (i, i, .. i,,) of (1,2,...,n),where n> 1, add
( Im I2a" InaA)_>( I]) I27" ,n,X)TOP/

It can be eosny shown that L(G) = L(H). O
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| Towards Zpc = Zcs il

Lemma

Zcs € ZLire

Proof (idea): We show how to simulate any context-sensitive
grammar in the Penttonen normal form (see (3)) by a
propagating left random context grammar.

o Let G= (N, T,P,S) be a context-sensitive grammar in the
Penttonen normal form.

o We next construct a propagating left random context
grammar H such that L(H) = L(G).
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| Towards Zpc = Zcs il

Proof of Zcs € Zirc (cont.):

e SetN={A|Ac N},
N={A|AecN},
N =NUNUN.
o Define the propagating left random context grammar

H=(N,T,P,S)

with P’ constructed as follows:
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| Towards Zpc = Zcs i

Proof of Lcs € Zrc (cont.):

Simulationof A—aeP,AcN,acT:
e add |A— a,0,N']| to P'.
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| Towards Zpc = Zcs il

Proof of Lcs € Zrc (cont.):

Simulationof A—aeP,AcN,acT:
e add |A— a,0,N']| to P'.

Simulation of A— BC € P, A,B,C € N:
e add |A — BC,0,0] to P'.
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| Towards Zpc = Zcs il

Proof of L5 C % rc (cont.):

Simulationof A—aeP,AcN,acT:
e add |A— a,0,N']| to P'.

Simulation of A— BC € P, A,B,C € N:
e add |A — BC,0,0] to P'.

Simulation of AB—+ AC e P, A B, CeN:
o the tricky part. ..
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| Towards Zpc = Zcs i

Proof of %cs C % rc (cont.):

Simulation of AB — AC € P (example):
aDbEABc
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Proof of %cs C % rc (cont.):

Simulation of AB — AC € P (example):
aDbEABc
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| Towards Zpc = Zcs il

Proof of %cs C % rc (cont.):

Simulation of AB — AC € P (example):
aDbEABc = aDbEABc |D— D,),NUN|
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| Towards Zpc = Zcs il

Proof of %cs C % rc (cont.):

Simulation of AB — AC € P (example):
aDbEABc = aDbEABc |D— D,0,NUN|
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| Towards Zpc = Zcs il

Proof of %cs C % rc (cont.):

Simulation of AB — AC € P (example):

aDbEABc = aDbEABc |D— D,0,NUN|
= aDbEABc |E—E,0,NUN|
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| Towards Zpc = Zcs il

Proof of %cs C % rc (cont.):
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| Towards Zpc = Zcs il

Proof of %cs C % rc (cont.):

Simulation of AB — AC € P (example):
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= aDbEABc |A— AN NUN|
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| Towards Zpc = Zcs il

Proof of %cs C % rc (cont.):

Simulation of AB — AC € P (example):

aDbEABc = aDbEABc |D— D,0,NUN|
= aDbEABc |E—E,0,NUN|
= aDbEABc |A— A0 NUN|
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| Towards Zpc = Zcs il

Proof of %cs C % rc (cont.):

Simulation of AB — AC € P (example):

aDbEABc aDbEABc  |D — D,0,NUN|
aDbEABc  |E— E,§,NUN|
aDbEABc  |A— A 0,NUN|
aDbEACc |B— C,{A},N|

P
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| Towards Zpc = Zcs il
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| Towards Zpc = Zcs

Proof of %cs C % rc (cont.):

Simulation of AB — AC € P (example):

aDbEABc
aDbEABc
aDbEABc
aDbEACc
aDbEACc
aDbEACc
aDbEACc

aDbEABc

N 2

|D—D,0,NUN|
|E—~E0,NUN|
|A— A 0,NUN|
|B— C,{A},N|
|A— A 0,0
|E— E,0,0]
|D— D,0,0]
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| Towards Zpc = Zcs il

Proof Offcs C Zirc (cont.):

Simulation of AB—+ AC e P,A,B,C e N:
o forevery D € N:
e add |[D— D,0,NUNJ and |D— D,0,NuN| o P’;
e add |D— D,0,0] and |D — D,0,0| to P'.

e add |B— C,{A},N|to P

L(G) = L(H) is proved by induction on the lengths of
derivations. O
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| Towards Zpc = Zcs i

Lemma

Lire € Zcs

Proof (idea): Follows from the Workspace theorem (see (4)). [
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| Lirc = Zes il

Zirc = Zcs

Proof: Follows directly from the two previous lemmas. O
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| Towards 2/, = Zie i

Lemma

Lrc € Zre

Proof: Follows from the Church-Turing thesis. Il
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| Towards 2/, = Zie i

Lemma

Zre © L

Proof (idea): This lemma can be established by analogy with
the proof of %5 C Zrc: recall that there is also Penttonen
normal form for type 0 grammars (see (3)). O]
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| Lo = Zre m

Zire = Zre

Proof: Follows directly from the two previous lemmas. O
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| Concluding Remarks i

Relationship of random context grammars and leftf random
context grammars.

Theorem

O Zre C Lire C Lo = Lire
@ Lir=4FC L C
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| Concluding Remarks i

Known hierarchy results.

© Zor C %p C Lo C Zpe = Zes C Lo = Lipe = Lre
@O Lor=Lir=%5C L CLEC L
@fcpCzpzzﬁCgcs

O Lcr C Lip € Lsc € ZLcs
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| Open Problems i

© Establish relations between Zp, Zjp, and £%.
@ Recall that Zp = Z5 (see (6)). Is it true that Zjp = £37

® Does ¥p = Zpc hold? If so, then our results would imply
Zsc = ZLes and, thereby, solve a longstanding open
question.
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Thank you for your attention!
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